Math Review

« Quadratic equation

as® + fs+1=0
The roots are:

B -4

S

20

Discriminant:
B’ —4a



Math Review

« Complex number

S=0+ |w
« Complex function
F(s) =Real F(s)+ J Imaginary F(s)

 Most complex functions in linear
control systems are single-valued
functions of s



Math Review

» Singularities, Poles and Zeros

~100(s+1)(s+8)°
s(s+4)(s+10)(s + 20)°
— Poles (denominator):
s=0, -4, -10 and s = -20 (second order)
— Zeros (numerator):
s =-1 and s = -8 (second order)




Review of Fourier Series
and Fourier Transform

* Classical trigonometric form of the
Fourier series:

k=00 k=00
f(t)=%+ZAkCOSka)t+ZBksinka)t
k=1 =
_ 2" kotdt , k=1,2,3
Ak_?j_le (t) coskwt dt , 02,3, ..,

5 7 T/2f i Koot d
k_?j_m (D)sinketdt , k=1,2,3, ....



Complex Form of the Fourier
Series

* Using substitutions:

sinkat = i(e"“"t e~ )
2]

CoSkat = Zi (e Jkat + e—ka)t)
then,

1 1L o
f(t)=i 2 (A BN+ D (A + B



Complex Form of the Fourier
Series

00 e JKaot

T/2
f(t) = kz j_m f(t)e *dt
00 jka)t

R e

k=1

therefore,
o0 ejka)t

T/2
f(t):k_z = j_mf(t)e ket gt




Complex Form of the Fourier
Series

 In the more traditional form,

155 o
f()=— ) C,e™
(t) T &G
where
C, = f (t)e ' dt



Fourier Integral/Transform

* For functions that are not periodic, the

Fourier series cannot be applied.
Therefore we have to introduce Fourier

integral by assuming they are periodic
with a period of infinity.

Let T =27/ Akw

k=00
then f(t) = ZC e * Ak

ﬂk—oo



Fourier Integral/Transform

im f(t)= lim — ZCkeJka’tAka)
-IA-k_a))oi)O L:ooio 270
1 .
=—| C.e!“dt
27T Y-

where C, = f f (t)e 1t

= F(w)
This 1s the definition of the famous Fourier Transform !



Fourier Integral/Transform

e Butthereis a serious limitation to the
transformation, the integral must be
bounded

[ ]fpdt <o

* For unit step, ramp and parabolic time
functions the transformation do not
exist, however they are exactly what we
need!



Laplace Transform

* In order to force functions into absolute
convergence, we have to introduce a
damping factor into the equation

F(o,w) = jooo f (t)e e 1dt
and let S=0+ Jw
We have F(S)= jow f(t)e 'dt

This is the definition of the famous Laplace Transform !



Laplace Transform

* Traditionally we use the following form,
L[f)]=F(s)= j: f (t)e dt

« Useful Laplace Transform
— Step function

(7 A At __E. _st|® @
f[a]—jo ae *'dt = ~e

0 S

— Unit step Lh]=1
S



Useful Laplace Transform

— Unit ramp

L]t]= [ "tedt
* Integrating by parts,
judv:uv—jvdu

- Let U =tand dv =e Sdt

—st

j:te‘stdt — (t e_S ] —jooo e_s dt =Si2




Useful Laplace Transform

— Exponential Decay

L [e‘””]: jooo e “'e "dt

| _ 1 e—(s+a)t
S+« i




Properties of the Laplace
Transform

— Addition and Subtraction
0= f,0]=F(s) £ F,(5)

— Multiplication by a Constant

k- f)]=k-F(s)



Properties of the Laplace
Transform

— Direct Transform of Derivatives

| df o df g
Jl—|=| —edt=sF(s)— f(0"
[dt} o gt (s)—f(0")

vz dzf _ /ﬁ _ o2 . +\ _ f(N+
“/{dﬁ}‘/{‘/[dtﬂ S2F (s)—sf (07) — £ (0)

L/{d : } =s"F(s)=s"*f(07)=s"2f(0")—---— f "I (0")



Properties of the Laplace
Transform

— Direct Transform of Integrals
St @de]= [ ([ F()dr)eat

w ] L 1
- [, T e dt+("f(r)dr{—ge }

= F(S) L U f (T)dT

o0

t=0



Properties of the Laplace
Transform

— Do the following as homework

AT wde )= FS(ZS) + 512 [ fadt] +%U [fmde]

(://U |- f(t)dt”]: Fs(ns) + Sln U f (t)dt]t_o+ +$[H f (t)dtz]t_o+
+---+%UI---If(t)dt”]t:0+



Properties of the Laplace
Transform

— Time-Shifting Theorem
sft-r I U(t-7,)]=e"F(s) t>r,
— Frequency-Shifting Theorem
et m]= [ef e dt=F(s+a)
— Initial-Value Theorem
|tILT(1) f(t)= !I_I‘)T;Io Sk (s)
— Final-Value Theorem
lim f (t) = lim sF (s)

o S



Inverse Laplace Transform

* Definition of inverse Laplace Transform
SE(s) = f(t)

* Inversion by partial fraction expansion
— Example |

F(s) = As+B

(s+C)(s+ D)
~B-AC 1 B AD 1
D-C S—I—C C-D s+D

B-AC o B-AD .,
D-C C-D

t(t) =



Inverse Laplace Transform

— Example Il

B As+ B
~ (s+C)%(s+ D)

~B-AC 1 +AD—B 1 B-AD 1

F(s)

D-C (s+C) (D-C) s+C +((:—D)2 s+D

B-AC o AD-B o B-AD o,

D-C (D-CY) (C-DY)

f(t) =



Laplace-Transform Solution of
Differential Equations

* Linear ordinary differential equation
(ODE)

2
d dilZ(t) +5 di;(tt) +6y(t) =6

y(0')=2, y(0")=2

— Laplace transform

$2Y (s) = sy(0") — Y(07) + 5sY (s) —5y(0%) + 6Y (s) zg



Laplace-Transform Solution of
Differential Equations

— Rearrange

_ 2s°+125+6  25°+125+6
S(s°+55+6) s(s+2)(s+3)

Y (s)

— Partial fraction expansion

Y(s)=£+ > + 4
S S+2 S+3




Laplace-Transform Solution of
Differential Equations

— Inverse Laplace transform
y(t)=1+5e* —4e™™
— Final-value theorem check

lim f (t) = lim sk (s)

t—o0 s—0

25° +125+6
lim s
s=0  §(S+2)(S+ 3)




Laplace-Transform Solution of
Differential Equations

— Non-analytic ODE

d*y(t) N dy(t) _ o
dt? dt
y(0')=2, y(07)=0

— Laplace transform

S2Y (s) — sy(0") — Y(0°) + sY (s) — y(07) = S_%l



Ordinary Differential Equation

— Rearrange

25° —6S—7

(s +1)(s—4)

— Partial fraction expansion

1 1
5 _|_20

Y(S)=
(5) s+1 s-—-4

7 JFNEN



Ordinary Differential Equation

— Inverse Laplace transform

1 1
ty=175+—e '+ —e*
y(t) - 0

— Final-value theorem check

2
limsY (s) =s 28" ~6s 7 :Z
50 s(s+1)(s—-4) 4

1 1

imy(t)=1.75+-e '+ —e* =
t—oo0 y() 5 20

lim f(t) = lim sk (s)

t— o0 s—0




