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Lecture Notes on
Mathematical Modeling of Chemical Processes

General Modeling Principles

1.

The model equations are at best an approximation to the real process.

Modeling inherently involves a compromise between model accuracy and
complexity on one hand, and the cost and effort required to develop the model, on
the other hand.

Process modeling is both an art and a science. Creativity is required to make
simplifying assumptions that result in an appropriate model.

Dynamic models of chemical processes consist of ordinary differential equations
(ODE) and/or partial differential equations (PDE), plus related algebraic equations.

Physical Modeling Approaches

1. Thermodynamics, chemical kinetics (physical/chemical fundamental, global)
2.  Model structure by theoretical analysis
3. Conservation Laws (Theoretical models of chemical processes are based on
conservation laws.)

4. Heat, mass, and momentum transfer
5. Physical property relationships (viscosity, thermal conductivity, diffusivity)
6. Model complexity must be determined (assumptions, e. g. ideal gas)
Comment:

Can be computationally expensive (therefore, not real-time)

May be expensive/time-consuming to obtain

Good for extrapolation, scale-up

Does not require experimental data to obtain (data required for validation and
fitting)

A Systematic Approach for Developing Dynamic Models

1. State the modeling objectives and the end use of the model. They determine the
required levels of model detail and model accuracy.

2. Draw a schematic diagram of the process and label all process variables.

3. List all of the assumptions that are involved in developing the model. Try for
parsimony; the model should be no more complicated than necessary to meet the
modeling objectives.

4. Determine whether spatial variations of process variables are important. If so, a
partial differential equation model will be required.

5. Write appropriate conservation equations (mass, component, energy, and so
forth).
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6. Introduce equilibrium relations and other algebraic equations (from
thermodynamics, transport phenomena, chemical kinetics, equipment geometry,
etc.).

7. Perform a degrees of freedom analysis to ensure that the model equations can be
solved.

8. Simplify the model. It is often possible to arrange the equations so that the
dependent variables (outputs) appear on the left side and the independent
variables (inputs) appear on the right side. This model form is convenient for
computer simulation and subsequent analysis.

9. Classify inputs as disturbance variables or as manipulated variables.

Empirical (Black box)

* Large number of unknown parameters

* (Can be obtained quickly (e.g., linear regression)
* Model structure is subjective

» Dangerous to extrapolate

Semi-empirical

*  Compromise of first two approaches

*  Model structure may be simpler

* Typically 2 to 10 physical parameters estimated

(nonlinear regression)

* Good versatility, can be extrapolated

* Can be run in real-time

* linear regression

* nonlinear regression

* number of parameters affects accuracy of model, but confidence limits on
the parameters fitted must be evaluated

* objective function for data fitting — minimize sum of squares of errors
between data points and model predictions (use optimization code to fit
parameters)

* nonlinear models such as neural nets are becoming popular (automatic
modeling)

Uses of Mathematical Modeling

* to improve understanding of the process

* to optimize process design/operating conditions
* to design a control strategy for the process

+ to train operating personnel
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Conservation of Mass
rate of mass rate of mass rate of mass
accumulation | in out
Conservation of Component i

{rate of component i} {rate of component i}

accumulation in

{rate of componenti} {rate of component i}
-~ +

out produced

Conservation of Energy

The general law of energy conservation is also called the First Law of Thermodynamics.
It can be expressed as:

rate of energy |  |rate of energyin rate of energy out
accumulation |

by convection by convection

net rate of heat addition net rate of work
+< tothesystemfrom ;+<performedon the system

the surroundings by the surroundings

Example 1: A Blending Process (discussed in Lecture I)

X1 X

A

n

-0

Figure 1. Stirred-tank blending process

An unsteady-state mass balance for the blending system:
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rate of mass rate of mass rate of mass
accumulation [ n out

d(Vp):wl+w2—w 1
dt

where w1, w2, and w are mass flow rates.

that is

The unsteady-state component balance is:

in

rate of component i rate of component i
accumulation -

rate of component i rate of component i
- +
out produced

that is
d(Vex)
dt

= WX, + w,x, —wx 2

The corresponding steady-state model was derived in Lecture I:

0=, +w,—w 3

For constant p, Egs. 1 and 2 become:

dv

PE:WH'Wz_W 5
d\V:

p%zwlx1 +Ww,x, —wx 6

Equation 6 can be simplified by expanding the accumulation term (left side) using the
“chain rule” for differentiation of a product:

d(Vx) d(x) d(v)
X _ oy 7
Pma P T TP

Substitution of 7 into 6 gives:
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d d\Vv
pV%x)+px%:w1xl+w2xz—wx 8

Substitution of the mass balance in 5 for pdV /dt in 8 gives:

d(x)

,0V7+x(w1 W, = W) =W X, + WX, — WX 9

After canceling common terms and rearranging 5 and 9, a more convenient model form is
obtained:

dr 1

E:;(Wlﬁ‘Wz—W) 10
BN (x4 () 1
dt Vp Vp

Rearrange Eq.6,
,0V%+Wx=wlx1 +w,x, 12

At steady state, Eq.6 becomes,
w'x? =w'x! +w)x) 13

0
,OVM+W(XO+AJC)=3C10(W10JFAWI)JFWSX3 14

Subtract Eq.13 from Eq.14,

d(Ax)

pV7+w(Ax) =x! (Aw,) 15
Similarly,

pV%+W(Ax) = x5 (Aw,) 16

oV d(Ax) +W(Ax) = w; (Ax,) 17

Let x = Ax, w1 = Aw1, w2 = Awz and x1 = Ax1,
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pV%+wx=x10w1 18

pV%+wx:x§w2 19

pV%+wx=wlox1 20
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Figure 2. Exit composition responses of a stirred-tank blending process to step changes
in:
(b) flow rate wi
(c) flow rate wo
(d) inlet composition x1
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(e) Normalized response for parts (b)-(d).

Example 2: Stirred-Tank Heating Process with constant holdup, V'

]
L ancand] et T
w
\'4
0
| Heater l

Assumptions:

1. Perfect mixing; thus, the exit temperature 7 is also the temperature of the tank
contents.

2. The liquid holdup V' is constant because the inlet and outlet flow rates are equal.

3. The density and heat capacity C of the liquid are assumed to be constant. Thus,
their temperature dependence is neglected.

4. Heat losses are negligible.

In addition, for the processes and examples considered in this course, it is appropriate to
make two assumptions:

1. Changes in potential energy and kinetic energy can be neglected because they are
small in comparison with changes in internal energy.

2. The net rate of work can be neglected because it is small compared to the rates of
heat transfer and convection.

For these reasonable assumptions, the energy balance

rate of energy rate of energy in rate of energy out
accumulation | by convection by convection
net rate of heat addition net rate of work

+< tothesystemfrom }+<performedon the system

the surroundings by the surroundings

that is
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dUint

= —A(WH) + 21
v (WH)+Q

where
Uint = the internal energy of the system

H = enthalpy per unit mass

w =mass flow rate

Q =rate of heat transfer to the system

A = denotes the difference between outlet and inlet conditions of the flowing
streams; therefore

—A(WH ) =rate of enthalpy of the inlet stream(s)-the enthalpy of the outlet stream(s)

Model Development
The definition of the enthalpy of a pure substance,

H=U.

int

+pV 22

Therefore, for a pure liquid at low or moderate pressures, the internal energy is
approximately equal to the enthalpy, U, ~ H , and H depends only on temperature.

From the laws of thermodynamics, a differential change in temperature, d7, produces a
corresponding change in the internal energy per unit mass, dU,

int >
dU,, =dH = CdT 23

where C is the constant pressure heat capacity (assumed to be constant). The total internal
energy of the liquid in the tank is:

Uint = pVUint 24

An expression for the rate of internal energy accumulation can be derived from Eqs.14
and 15:

AU _ chdl 25
dt dt

Note that this term appears in the general energy balance of Eq.21.

Suppose that the liquid in the tank is at a temperature 7 and has an enthalpy, H.
Integrating Eq.14 from a reference temperature 7o to T gives,

H-H,=CT-T,) 26
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where H s 18 the value of H at Tr. Without loss of generality, we assume that H o =0
Thus, Eq.26 can be written as:

H=C(T-T,) 27

For the inlet stream

H, =C(T,-T,) 28
Substituting Eq.27 and 28 into the convection term of Eq.26 gives:

~A(wH) =w|C(T, - T,,))|-wlc(T - T,,)| 29

Finally, substitution of Eq.25 and 29 into 21

T
,OVCC;—Z=wC(T,~—T)+Q K
Rearrange Eq.30,
dT
IOVCd—;W + Win CTaut = Win C]—;" + Qin 31

At steady state,

WC]:)(Z)IZ = Win CY:;? + QI(IJT 32
Let

Tout = TO(I)H + ATout

T, =T, 33

Qm = Ql?z + AQm

d(T,, +AT,
e o * Bln) s o) iy, C(TS, + AT
t

out out

) = WinC]:'n + Qz(:l + AQin 34
Subtract Eq.32 from Eq.34
out

dAT
prC— 2 +w,CAT,,, =AQ, 35

Let
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Tout = Ta?xt + ATout
T, =T, +AT, 36
Qm = Qi(:t
d(T), + AT
pVCw + W[ILC(T()(I)AZ + ATout) = Win C(Y—;:l) + A]—;n) + QI(I)I 37
t

Subtract Eq.232 from Eq.37

dAT
pVCTOul + Win CATout = win CA]—;n 38
Rearrange Eqgs.35 and 38
dAT
pv aAl,, +AT, = LAQ,»,, 39
Win dt in
p_V dATout + ATOM[ = Az—;" 40
Win dt
Example 3 Surge Tank
% Fin
N
4 L
N I F out
Figure 4. Surge Tank
Mass balance (assume constant density),
@ _F,-F, 4
dt

Use the knowledge you learned from the Unit Operation of Chemical Engineering, in the
laminar flow region,
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FOM[ = C\‘)L
where C| is the flow parameter
also,

dav dL

A e

dt dt
where 4 is the cross section of the tank.
therefore,

Ad—L+C;L =F,.
dt

From mass balance,

At steady state,

F;no = Fo?tt = C\‘/LO
0
AMEZRD e an = () +aF,)
t
dt

Rearrange,

2B aL=—aF,

C, dt C,
Similarly,

i'dAL +AL _'1 out
C. di C

Combine

A dAL
— +

v AL:L(AF'M_AFOM)
C dt C

v

When flow is large, it becomes turbulent, then,

42

43

44

45

46

47

48

49

50

51
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F, =CAL 52

Let K be the slope of the tangent of the F-L curve at the set point,

dF,, d(C,VL)| C
K — ou — \4 — \4 53
dL |, L | ., 21"
therefore,
AF,, = ¢ AL 54
out 2\/F
Fout = Fo(t)tt + AFout
C 55
=F), +—=AL
N
Substitute back to the mass balance equation,
C
e T R 56
dt dt N
and
0
AL _ gy AR, - FY - AL 57
dt 21
therefore
A9BE _ap S ar 58
dt N
After rearrange,
4 AL n-_ 1 R 59

C% dt (y in
N7 N3

General form of the first order system
Let y = Tout and x = Tin, omit A for simplicity,

dy
dt
where 7 is called the time constant, K is the gain, y is the output variable, and x is the
input variable.

T—+y=Kx 60
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Time constant 7 = Resister R x Capacity C

Heat Resister R = £ = _1 — AT

q E”C FillAU
AL

Flow Resister R = £ = 0

Fuut Cv
AU
Heat Capacity C = ——
pacity AT

AV
Flow Capacity C = —
pacity AL

t

Let x = u =1 (step input), y(¢) = K(l - e_fJ =0.632.
t=1

Tangent to y(¢) at¢t = O

1 | 1 | L

I
I
I
I
I

2r 3r

t
Figure 5. Step response of a first order system

47

5r
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Quiz VI

Find the mathematical model of the following configuration

Jout
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Example S. Tanks in series

.

L
F

R>
921—’173

Figure 6. Tanks in series

Mass balance,

dL
2 d_l2 =F, - F;
F=t
RZ
where A1, A2 are the capacity of tank 1 and tank 2,
R1, R: are the resister of tank 1 and tank 2,

assume they are all linear.

d, L

Ydar R

dL, L, I,

I

dt R, R
dL, R

L =RA —2+—L1L
1 U dr R, :
differentiate

73

74

75

76

71

78

79



Mathematical Modeling of Chemical Processes I
ChE@TongjiU, Min Huang, PhD, 2022

2
%: 1 2_d ];2+£& 80
dt dt R, dt
d’L,
AR A,R,—*+ (AR, + A,R ) L, =R,F, 81
let 71 = A1R1 and T> = A2R>,
d’L,
T, —= o 2+ (T, +T) +L =R,F, 82
t
This is a second order system.
L,
x=[]= [Lz]
OL2 +1L, 0 O
£ [ ] _T1+T2. + 0 RZF].]
nn T,T, * EB
0 1 L,
| 1 73+n[, [F]
T,  T,T, |1%2 nn 1
0 1
P — 1 T1 + TZ
B I T TiT,
0 0
- R
B=lo =2
LT,
c=Lx
Cc =
=, ]
_J0 0
L=[p 1
_ _ _ [0 07[*1
e=[.]=[.)=[ olll

What about L1 ?

in surge tank cases, liquid level/ holdup is what we care the most
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Example 4. Modeling Surge Tank + Blending Using State Space Techniques

Recall Egs.5, 6 and 52 assume constant density,

av )
— =hO+EO-F@) .
w = F,(t)x,(t) + F, (t)x, () — F(t)x(¢) ‘

F(t)=C,\JL(t) = C,[L(1) .

At steady state,

F't)+F t)-F°(t)=0 63
EP(0)x, () + F ()%, (1)~ F()" x(t) = 0 64
viy=c |V

Fo()=Cy— 65

Assume small deviations about this point, let,

F()=F +u() in 66
F,(t)=F, + i, (t) in 67
V)=V +&(1) out 68
x(t)=x"+&,(1) out 69

Also recall the linearization procedure

dF d(C,JL)| C
dL|, L |, 21"
Similarly,
dF d(C NV A) C
K=— =— Vv 7 = d 70
dVly_yo a0 24Av°
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C C
AF =————AV =——22CE (1) 71
2av’ wWaye
VO
[ R -
ye Ve AV
V() =V"+& (1) out 68
o 1 F°
F=F' s o5& () 73
Substitute Eqs.66, 67, 68, 69 and 73 back to Eqgs.5 and 6 and subtract Eqs.63 and 64,
dlt/ =F)+F,(t)-F(@t) 5
dV(t)x(t
w — F (0%, ()+ F, (0%, ()~ F(O)x(0) 6
F'O+F t)-F°(t)=0 63
E(O)x, (1) + Fy ()x, (1) = F ()" x(1) = 0 64
F(0)=F+ (1) 66
Fz(t)zeo"':Uz(Z) 67
Viy=V"+&(1) 68
x(t)=x"+&,(2) 69
0
F = F°+1F—§1(t) 73

Equation 5 becomes

av _ o 0 o _1F
—— =+ +F tp,-F ——_51

dt 2V0
Subtract 63
v d(VO+& (1)
dt dt
dg 1F°
= = 70
a TR T 7o
Equation 6 becomes
av dx
x° ar + Vod— = (F 4+ u)xy + (F9 + pp)x, — FO(x° + &)
Subtract 64
5 dé 1 ,F°
ye=2 dl‘ 7;_X1ﬂ1+x2/‘2_5x0W§1_F0§2 71

Subtract Eq.70 from 71,
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5
—L4x (/11 ) =X X — F0§2

we get the model

x(t) = x" +&,(0)
F=F° +%%§1(t)

1 0
ZVOEJ' F_FO
& =x—x°
dé&; 1F°
ﬁ _ _F_OE n (x1pq + x205) — (ug + Mz)xo
dt yo°2 . Vo . .
F (1 — xDuy + (e — x")u,
— b 73 (72)
Let
_[é}
E_
&,
x=|"
¢
therefore
0
— FO 0 1 1
P= 2V 0 B = xl—xo xz—xo
B o - B yo yo

)= F + ()
Fz(t):on + 14,(1)

H{FF}
2 F,~F;
o1 =F—F°

1F°

2V0
2=x_x

0

F_FO F
QZ{ ~ 0:| L=]op°
xX—x 0

72

69

73

66
67
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Quiz VII

Consider the liquid-level system shown in the following Figure. In the system, O 1and are

O 2 steady-state inflow rates and H 1 and H : are steady state heads. The quantities gis

gi2, hi, h2, q1 and qo are considered small. Obtain a state-space representation of the
system when hi and h2 are the outputs and qi and qq are the inputs.

Q+qil " I_N_ Q+q’2

ﬁl + h] ﬁz + hz —
_Nﬁ _N% Ql + Q2 + qo
I e 4
1 0, +¢, 2
Solution: From the Figure,

Q

Cl(HT—”ll)z(Q +qz‘1)_(§1+%)

d\h
G Eitl):(qil)_(%)
dlh
e ) (g)+(4,)- (0,
At the same time, for tank 1,
Hl%le:Ql,thatis,
(ﬁ1+h1)_(172+h2):(ﬁ1_[72)+(h1_h2):§+q of
R, R, b
(H]_H2)+(hl_h2)=§1+ql,then (HI_HZ):Q and (hl_h2): 1
Rl Rl 1
Similarly for tank 2,
H2

. \H,+hy) =
=Q,, that is (ZR—Z) =0, +q, , therefore,

R, 2
(1) _ () _
R0 ad S eq,

Therefore, we arrive at,

C1 d(hl)=(qil _hl _hZJ;

dt R,
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C d(kz)z[qi2+h1_h2 _h_zJ

Podt R, R,

Define state variables as

_xl ] _hl }
E = =
X, h,

Input variables as

U, qi1:|
Z = =
U, qi>

Output variable

[
I
1
o o
R
(I
I
1
(I
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§1 T4, <]

Rate of accumulation = in -out

d(n,) h
C,—Y=|g, ——L1|;
T (qll le
hy

cdl) (h_h
> dt \R R,)

Define state variables as
X hy
E = =
| X2 | _hz
Input variables as

U, _Qil
u = =
T, 0

Output variable

MEN

Then

g‘:

(s

o_@|~
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o

L=

= 10 1
Q+q11 "

H, +h, H, +h,

—e—| P20
(Z Ri C/ R2
1 O+g 2

CIM:(%I _hl _th;

R]
C d(hz): hl _hz _h_z )
Rl RZ
Define state variables as
_xl ] _hl
X = =
Y h,

Input variables as

u, _qil
u =
T u, 0

Outp_ut \_/ariable

NEd
g = =
K% h,

Then
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O, +q
N Ql qu
K|
]71"'171 ]72"'}72 _
N —pg—> 2 19,
P R2

R )
A

c d(hl):_[hl—hz}

dt R,

Czd(h2)= (]i2+hl_h2 _h_z )
dt R, R,

Define state variables as

X _hl
X = =
ey _hz
Input variables as
fu, ] [0 }
11 = =
LU | |92
Output variable
_Cl h
c = =
K h,
Then
X =— ! + ! X
1 Rlcl 1 RICI ?

x=Px+Bu
1 1
_ R,C R,C _ 0 (1)
£ - s B= 0O —
= 1 1 1 = C
Rl C2 RZ C2 RICZ ’
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o |

Answer
1 1
Rlcl RICI
A L= 1 1 1 ’
- +
L RICZ R1C2 chz
1
— RICI
B L= 1 1 p
L RICZ R2C2
__ | | _
Rlcl RICI
C L= 1 1 1 ’
- +
RICZ chz R1C2 ]
__ | | -
RC RC
P: 1~1 1~1
D = 1 (1 1 ’
L RICZ chz Rlcz |

(1>




