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Extensive Function

* A macroscopic property is extensive if it
depends linearly on the size of the system

* Consider the internal energy £, which is

extensive, how it depends upon $ and X,
which are also extensive.

E(AS,AX) = AE(S, X)

 Thus, E(S,X) is a first order
homogeneous function of $ and X.



Extensive Function

* Euler’s theorem gives,

E=(0E/8S),S+(0E/8X) X
=75+ f-X
 And work is

f-dX =—pdV +Z/uidni
* This flow naturally to give,

r

dE =TdS—pdV—I—Z,uidni

i=1



Extensive Function

 Thisis, E = E(S,V, nq,...,n.), and Euler’s
theorem yields

v

EZTS—pV—I—ZIL{Z_dni
o Its total differential is i=1

r

dE = TdS + SdT — pdV —Vdp +> " (w,dn, + ndu,)
 Therefore, =1

r

0=SdT —Vdp +>" (n,du,)

i=1

This is the Gibbs-Duhem Equation



Extensive Function

* Recall the definition of Gibbs free energy
G=E-T1S - (—pV)
* Apply Euler’s theorem gives,

dG = (TS pV+Z,udn ) 7S — pV
\ 1 J
=2 Mdn,
» For one component system = G/n,
Gibbs free energy per mole



Mixture/solution

Chemical Potential
Partial Molar Property
Partial Pressure

Ideal-Gas Mixtures
— enthalpy of an ideal gas
— entropy of an ideal gas

Gibbs energy of an ideal-gas mixture G' =
H's — TS,



Mixture/solution

* Because the properties of systems in
chemical engineering depend strongly on
composition as well as on temperature and
pressure,

* Need to develop the theoretical foundation
for applications of thermodynamics to gas
mixtures and liquid solutions



Mixture/solution

* definition of a fundamental new property
called the chemical potential, upon which
the principles of phase and chemical-
reaction equilibrium depend.

* This leads to the introduction of a new class
of thermodynamic properties known as
partial properties.



Chemical potential

* Gibbs free energy of a multicomponent
mixture Is a function of 7, P and each
species mole number, therefore, the total
differential of the Gibbs free energy,

dG = (8_G\ dTl + (8_G\ dP + S (a—G\ dN
Lor ), lor) aw, ),

C

— —SdT +VdP +>" G.dN, (CP1)



Chemical potential

 Recall
dG = (TS—pV+ Zuidn,)—TS —pV
L i1 J
=D udn,
i=1

* In extensive function, therefore we have

_8(nG)_

X
I

on.

4
paT:ni?&j




Chemical Potential
and Phase Equilibrium

* Consider a closed system consisting of two
phases in equilibrium.

* Within this closed system, each individual
phase is an open system, free to transfer
mass to the other, that is

d(nG) =—(nS) dT +(nV) dp+ > L dn;
i=1

d(nG)ﬁ = —(nS)ﬁ dT + (n V)ﬁ dp +>" ,ul.'gdniﬂ

i=1



Chemical Potential
and Phase Equilibrium
* The change in the total Gibbs energy of the

two-phase system is the sum of these
equations.

d(nG)=—(nS)dT +(nV)dp + Z ,ul.adnia + z ,ul.ﬂdnl_ﬂ

Z ,ul.adnia o Z ,ul_ﬂdniﬂ =0
=1 =1



Chemical Potential
and Phase Equilibrium

e« And dan” = —an’

 Therefore,

> (,ul.a — ,ul.ﬂ )dnl_a =0

i=1

pl =p  (G=12,...,N)

* Thus, multiple phases at the same T and P
are in equilibrium when the chemical
potential of each species is the same in all
phases.



Partial Molar Property

 Partial Molar Property (0)

o(nG/0)

MO =

on.

» Itis a response functlon, representlng the
change of total property & due to addition at
constant 7 and P of a differential amount of
species i to a finite amount of
mixture/solution.

—p.T.n,



Partial Molar Property

Let & be any molar property (molar volume,
molar enthalpy, etc.) of a mixture consisting of /V;
moles of species i, A _ ZC e

And partial molar thermodynamic property

o(NO)

6,=0,(T.P.x) =

ON .
Theretore, T.P.N .,

é J—
Q:zxigi(T’P’z)
=1



Partial Molar Property

e —
* Or NO=SN_,
i=1

So that, by the product rule of differentiation,

d(NO)=> Ndo +Y oan, M1

 substitute G with Nfinto Eq. CP 1



Partial Molar Property

 substitute G with Nfinto Eq. CP 1

(ON O ( ON O C (oanNe )
dNQ:L—_J dT+k—_J dP+>"| —— | dN
or ), . oP N \ ON, )p,N,.
(060 Iz —
:NL__J dT+NL_J dP+Z¢9dN
or ), . OP ),



Partial Molar Property

* Subtracting PM 2 from PM 1,

(00 (00 -
—NLaTJPNdT NL8PJTNdP+ZNd¢9—O
 Or,
(00 LA -

— dTl — dP—I—Zxd&’—O
lor ), lar),,

This is the generalized Gibbs-Duhem Equation



Partial Molar Property

e For constant

e —_—
temperature and S'N,do,| =0
z i r.P
pressure, -1
e —_—
Z x. do. =0
7.,P
i=1
* Substitute 6 with G ¢

SdT —VdP +> N,dG, =0
i=1
e —_
SdT —VdP +> x,dG, =0

i=1



Partial Molar Property

e At constant temperature and pressure,

é JR—

ST N,dG, =0
i=1

é

Z xl_d(_?l_ =0

+ Recall Gibbs-Duhem Equation

(06 (06 ¢ —
_k__J dT_L__J dP+ind¢9i:O
oT )y OP ), l.



Partial Molar Property

 Rearrange and times n on both sides,

. c—1 _
[ gt [ D) gp 4 NdB + S NGB, = 0
oT 8p i
o,N. TN,

* Derivative with respect to N;

) ] de,
_[@j dT—L@) dp + db, +ZdNJdN =0

oT . op

n n c—1
T ] dp+d6+ZdNJ@e:O
oT op = ON,

p,N. T,N.



Partial Molar Property

* Rearrange,
ey 06 r)
do. z(—lj dT+{—lj dp+2[—l} dx .
oT s op - =1 ij ;
* Substitute back to the Gibbs-Duhem Equation

00 20
O=—| —~| ar—-|—=| adp
oT op
psN, T,N,

; :_[aeiJ ¢ {agi] : CI{GQJ ‘ —:
+ X, 7 + 'p + X
i —J

=1 L oT o op - =1 8xj . J



Partial Molar Property

e Since

oo
Zx[ ZJ dT——

— orT

[ 6, lar [ 22
|z Jar - [GTlxdT

 Finally ¢ ¢ 59
53 by J dx, =0

T,P

* For Binary

o0 o0, o0,
7‘ 7‘ dx =0 x, + X, =0
=1 ox, o ox, " ox, "




Ideal-Gas Mixtures

nRkRT n RT
* Idealgas »~P="", P, =,
|4 V
P, 1,
— ==y or p,=y.p (i=1,2,..., N)
P n

* p;is known as the partial pressure of species
i

;ig rﬁ(nVig)w rﬁ(nRT/p)—|
;= |

| On, JT,p,ni | on, JT’p,ni

RT ( On RT
P 8nl, P




Ideal-Gas Mixtures

* A partial molar property (other than
volume) of a constituent species in an ideal-
gas mixture is equal to the corresponding
molar property of the species as a pure ideal
gas at the mixture temperature but at a

pressure equal to its partial pressure in the
mixture.

ME(T,P)=M*(T,p,) when M* =V



Ideal-Gas Mixtures

* Since the enthalpy of an ideal gas is
independent of pressure,

H(T,p)=H (T, p)
H (T, p) =H; (T, p)
hf.Zg —H (pure value at mixtureT, p)

=S v

* For ideal gases, this enthalpy change of
mixing is zZero.



Ideal-Gas Mixtures

* The entropy of an ideal gas does depend on
pressure, is given as

dSl,ig = Rd In p at const T

* Therefore, integration from p; to p

I 2 p
S (T,p)—S (T,p)=—-Rh—=RIny,
P,

-
AS = nc In —~ — nRin
T

1

P,

Py




Ideal-Gas Mixtures

* Recall ]\?jg (T,P)=M"*(T,p) when M =V
 Therefore,
S (T.p) =S (T.p)~Rn y,

S*=S"-Rhmny,

« Where §,'9 is the pure-species value at the
mixture 7 and P.



Ideal-Gas Mixtures

* By the summability relation
Sig —ZyS —RZY In y

1

S —ZyS —RZy ]n—

* the left side of the second equation is the
entropy change of mixing tor ideal gases.
Since I/y; > 1, this quantity is always
positive, in agreement with the second
law.



Ideal-Gas Mixtures

* For the Gibbs energy of an ideal-gas
mixture G*¢ = H'¢ — TS*,

 for partial properties is

G =H"-TS5"

G*=H®-TS®+RTIny,

g

G*=G*+RT Iy

R



Recap Mixture/solution

Gibbs free energy of a multicomponent mixture
Chemical Potential

Partial Molar Property

Partial Pressure of Ideal-Gas

Ideal-Gas Mixtures
— enthalpy of an ideal gas
— entropy of an ideal gas

Gibbs energy of an ideal-gas mixture G¢ = H8 —
TS,



